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General Instructions

Reading time — 5 minutes

Working time — 2 hours

Board approved calculators may be
used.

A table of standard integrals is
provided at the back of this paper.
Diagrams are NOT drawn to scale.

All necessary working should be shown
in every question.
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Attempt Questions 1 - 7.
All questions are of equal value.

Start each question on a new page.
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Question 1:

a) Solve for xif —‘-‘_I <2
=

I
b) Find the exact value of I,\-c' “ dx

¢) Find i[:«:in" JT]
dx

3]

12

2]

d) If A is the point (3,-2) and B is (-3,1) find the point P that divides AB externally

in the ratio 2:1.

[2

e) If the limiting sum of a geometric progression is 5 and the first term is 3, find the

common ratio,

Question 2:

a) Sketch the curve y=3sin™ 2x

b) If 2tan#/ =3 and @ is acute, find the exact value of
sec —cosecd

¢} The roots of x* =3+ +6x~5=0 are &, 4 and 7 - Find the value of
i) (@+1)+(F+1)+(y+1)
ii) {rx+l:l{ﬁ+]){y+l]

€) In the diagram, DA is extended to F and EC
bisects ZBCD . Prove that AE bisects /FAR

3sin@+2cosf?

3

12

131

2
(2]

[3]




Question 3:

o 5 %12
) Find the constant term in the expansion [-2- - -r_]

k
b) Find the value of # if J'J]+x.dr=
o

©) Giventhat x=2 isana imati 2
hat Pproximation to x* -9 =0, use one applicati
Newton's Method to find a better approximation, il

d) Use induction to show that: 1x3x5x. . X(2n-1)= L——-

x 3

14
3

2n)!

2"n!

Question 4:

a)

b)

c)

Show that 7" +2 is divisible by three for all positive integral .

Consider the polynomial P)=x" —(k+1)x? +hx +12
i) Find the remainder when P(x) is divided by A(x)=x-3

ii) Find & if P(x) is divisible by A(x)

iii) For this value of k, find the zeros of P(x)

Find Xl usin ituti
G the substitut, = 2
{25*_'*_}._ 2 ution u =25+ y

3]

3]

3]

3]

3]

2]
2]
2]

3]

Question 5:

9 ; . iz
a) A projectile is fired at an angle of tan™' [I—Z-J to the horizontal with an initial

velocity of 130ms™ . Using g = 10ms™,

i) Derive the equations for the horizontal and vertical position of the
projectile at time 1.
2]

ii) Determine the horizontal range of the projectile.
3]

b) A right circular cone with vertical angle 60° is
being filled with a liquid. The liquid is being poured

into the cone at a rate of 3zem’s™.
ah

i) Show that the volume of the cone is given by V' = EE

where /i is the height of the liquid
[

ii) Find the rate the height of the liquid is increasing when that height is 9 ¢m.

4]

c¢) Find a general solution to cos2x =sinx
2]




Question 6:

a) A particle is moving in a straight line with an initial velocity of 48ms™".

Atany time ¢, the acceleration inms™ is given by x =-6¢. Find

i) The distance from its initial position when it stops

2]
ii)  The velocity as which it is travelling when it returns to its initial
position.
2]
b) A particle moving on a horizontal line has a velocity v(ms™), given by
v =64 +24x - 4x?
i) Prove the particle moves in simple harmonic motion
(1]
ii) Find the centre of motion
) A [
iii) Write down the period and amplitude
2]

iv) If initially, the particle is at the centre of motion and is moving to the left,

write down an expression for the displacement as a function of time.

1]

¢) i) Write the expression V3 cos@+sin@in the form Rcos(@ ua}

[

ii) Hence or otherwise solve v‘ri cos@+sinf@ =1, for 0" <8 <360".

2]

e — .

Question 7:

a) T!?e maximum charge of a battery that requires recharging is 12 volts. After |
minute on the recharger, the charge is measured as 6 volts and after a further
minute the charge has risen to 8 volts. Assuming the rate of increase of the charge

i dQ
1s given by —==k(12-

& Todt (I Q}'

i) Show this equivalent to 0 =12 ¢

2]

ii) Find the value of the charge on the battery imeiti
i 2 attery at the time it is placed on the

2]

iiii) Find the exact value of the battery after |
i y after it has been on the recharger

(37

b) The points PQap.ap’) and 0(2aq.aq’) lie on the parabola x* =day. IfPQ
passes through the point (4a,0) .

i) Show that Pg=2p+gq)
2]

ii) Find the locus of M. the midpoint of PQ.
3]
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Question 1:

a) Solve for xif ’3X—<2
x—1
Solution:

2 %
__BX.(_’\_;Q_<2£I___1.)_, x;_#]
x=1 1 1
S 3x(x—1) < 2(x—1)°
or 2(x—1)* >3x(x-1)

L 2(x=1)7=3x(x-1)>0

.'.(le)(Zx—2—3x)>0

c(x=1)(=x-2)>0

or (x—l)(x+2)<0
L-2<x<1

1
b) Find the exact value of jxe" dx
0

Solution: |

Oj xe™ dx= —15 §42xe_(1 dx
4],
4]

~3hi-=1-5-]

¢) Find %(s'\n" \/;)
Solution

) 1
= (sm I):T

A
T2 x(1-x)

[3]

2]

[2

d) If A is the point (3,-2) and B is (-3,1) find the point P that divides AB externally

in the ratio 2:1.

Solution:

P(x,y)=

5

kx, + kx Ky, +k, vi
k, +k, k +k,

{rmam)
-3 =
E2 )1(3 2(1)-1( 2)J

=

= |

6=3 2+
’1

9,4)

[2]

e) If the limiting sum of a geometric progression is 5 and the first term is 3, find the

common ratio.

Solution:

Question 2:

a) Sketch the curve y =3sin™' 2x
Solution: y

3]

2]




b) If 2tan& =3 and @ is acute, find the exact value of -
sec @ —cosecd

Solution: ‘
3 \\Jﬁ
3 — [+2| —= 3
3sin@+2cosf [\/ﬁ] [ 13} \\
sec @ —cosecd _\/1__37il—1 . }
2 3 2
0,4
NN
W13 213
6 6
NER

¢) The roots of x* —3x” +6x—~5=0 are @, 3 and y . Find the value of

i) (a+1)+(B+1)+(y+1)

Solution: a+ﬁ+7=—£=3
a
@+ )+ (B+1)+(r+1)=3+3=6
ii) (a+1)(B+1)(y+1)

Solution:

C

af+fy+yx=—=6
a

aﬁ7=*£=5
a

(a+1)(B+1)(y+)=afi+af+ Py +ya+a+P+y+]
=5+6+3+1=15

3sin@+2cosd

3]

2]

2]

e) In the diagram, DA is extended to F and EC
bisects ZBCD . Prove that AE bisects ZFAB

Solution:
ZECD = ZEAF (exterior angle of cyclic quad)

ZECB = ZEAB (angles on the same arc)

Since ZECB = ZECD (given), ZEAB = LEAF
. AE bisects ZLFAB )

Question 3:
2 12
a) Find the constant term in the expansion (— —%) [3]
X
Solution:

2 12-r v r
U,,H = ncla/v-rbr = lZCr (_) (»_]
X 3

‘The x coefficient is x" x> =x"",s0 x=4

o (2 22 495x 256 14080
G=teloll Sy ol o
% 3 81 9

k
b) Find the value of  if [\i+x.ds = % 137
0

2(1+x)% i 14
3 e}
0

.'.|:(1+x)%]k=7
0
sfiekyi—1=7
(1+k)" =8
l+k=4 — k=3

Solution:




¢) Given that x =2 is an approximation to x’ —9 =0, use one application of
Newton’s Method to find a better approximation.

[3]
Solution:
X,
. |:xu_ff( o)
Sf'(x)
f()=x-9 > f(2)=8-9=-1
JiCd= 3 - f'(2)=12
I N W |
‘ 7'3) 12 a2
) ' (2n)!
d) Use induction to show that: 1 x3x5x....... x(2n-1)= T
L Ut
3]
Solution:
atn=1LHS=1
1
RHS:%:I:LHS — . trueforn=1
(2k)!
assume true forn=k — 1x3x5x..... x(2k-1):2kk'
] (2k+2)!
prove forn=k +1 ,ie. prove 1 x3 X 5% ...... X (2k-1)(2k+1) S
22 (k+1)!

LHS =1x3 X 5% ... X (2k-1)(2k +1)
_(2k)

=St (2k +1) [using assumption]
(2R) k1) (2k+2
7 1 2k+2
(2 k1) (2K +2)
25kt 2(k+1)
_ (2k+2)
22X (k1)
= RHS
. iftrue for n=k, itis true for n =k +1.
Since true for n=1, it is true for n =2, then n=3 and so on for all positive
integral values of n.

Question 4:

a) Show that 7" +2 is divisible by three for all positive integral ».

Solution:
atn=1, 7'+2=9=3x3, sois true for n=1
assume true forn=k — 7" +2=3M (M an integer)
prove forn =k +1
T 4+2=Tx 7 +2
=7x (3M -2)+2
=2IM -14+2
=21M -12
=3(TM -4)
o iftrue for n=k, itistrue for n =k +1.
Since true for n =1, itis true for n =2, then n=3 and so on for all positive
integral values of n.

b) Consider the polynomial P(x)=x* —(k +1)x* +hkx+12

i) Find the remainder when P(x) is divided by A(x)=x-3
Solution:
P(3)=27-9%-9+3k+12
=30-6k
i) Find kif P(x) is divisible by A(x)
Solution:
IfP(3)=0,30—6k=0
andk =5
iii) For this value of £, find the zeros of P(x)
Solution:
P(x)=x —6x* +5x+12
=(x—=3)(ax’ +bx+c) as (x-3) is a factor
=(x-3)(x* -3x—-4)
=(x=3)(x—4)(x+1)

sx=-134

3]

[2]

[2]

2




c) Find J ﬂ7 using the substitution u =25+ x*

(5]
(3]
Solution:
let u=25+x",
Sdu=2xdx
1 ¢pdu 1 %
I=—|—=5==|u"du
279 2I
:l‘2u_%+c=—l—+c
2 u
1
S

25+ X7

Question 5:

S ; Sye o
a) A projectile is fired at an angle of tan™ (E] to the horizontal with an initial

velocity of 130ms™" . Using g = 10ms *,

i) Derive the equations for the horizontal and vertical position of the
projectile at time .

2]
3]

ii) Determine the horizontal range of the projectile.

TN
/

Solution:

;:0, y=-10

;C:Cv y:~101+()2

att:O,).c:Vcosﬁ, )'/:Vsiné?

:130(13), =130 ij
13 13
=120=¢, =50=c

- x =120, y=-10¢+50

Sx=120t+c,, y=-5+50t+c,

att=0,x=0=c,,y=0=c,

5 %=1201, y==5t"+50t
i) aty=0,7=0,10

range at £ =10

sub into x =120¢ and range is 600 metres

b) Aright circular cone with vertical angle 60° is
being filled with a liquid. The liquid is being poured
into the cone at a rate of 37em’.s™' .

3
i) Show that the volume of the cone is given by V= i

>

where £ is the height of the liquid
(17

i) Find the rate the height of the liquid is increasing when that height is 9 cm.

4]
Solution: ,
1 r 1 r h
i) V=—nr'h tan30° =~ 5 —=_ andr = ——
) 37rr n - ha r 5 :
2 3
S R A w
3\A3 9
.. AV dV dh dv  zh®
i) —=—_ " and — =
dr dh dt dh 3
A M Fir
a3 a4

7(81) dh dh 1
L3m= — = —=—cm.sec
3 at dar 9




¢) Find a general solution to cos2x = gin x

2]
Solution:
s 1-2sin®* x =sinx
2.2sin’ x+sinx—1=0
~(2sinx—1)(sin x +1)=0
; 1 .
S.Sinx =— or sinx = -]
2
s — nf T T
Lx=nr+(-1) (g] or 5(411+3)
Note: This may also be answered in degrees .
Question 6:
a) A particle is moving in a straight line with an initial velocity of 48ms™" .
Atany time ¢, the acceleration in ms™ is given by x =—6¢ . Find
i) The distance from its initial position when it stops
2]
i)  The velocity as which it is travelling when it returns to its initial
position.
' 12
Solution:
x=-6t
x==3t+¢

att=0,x=48=c

.'.:t:~3t2 +48

x=—1"+48t +c,

atr=0,x=0=c,

Sx=—1 148

at x:O,3(—t2+16)=0—>l:4
att=4,x=-4+48x 4=128 Distance is 128m
atx=0,~+48: =0 -t =+/48 = 4.3

2
ati=4y3,v=-3(43) +48=-96 Velocity is ~96ms"

b) A particle moving on a horizontal line has a velocity v(ms™), given by
Vi =64+ 24x—4x*

i) Prove the particle moves in simple harmonic motion

1]
il) Find the centre of motion

1]
iif) Write down the period and amplitude

2]

iv) If initially, the particle is at the centre of motion and is moving to the left,
write down an expression for the displacement as a function of time.

[
Solution:
i) %vz =32+12x-2x"
d(+v? S
x=—| — |=12-4x = —4(x-3) which is the form of SHM
dx| 2
i) At x=0,2=3
iii) n’ =4—>11:2,,‘.T:27”=7r
Atv=0,4x"-24x-64=0— 4(x-8)(x+2)=0
Particle moves from -2 to 8, so amplitude is 5
iv) x=3-5sin2¢
¢) i) Write the expression /3 cos@ +sin@ in the form R cos (6- a)
(1]
ii) Hence or otherwise solve /3 cos@ +sin@ =1 , for 0° <6 <360°.
‘ [2]

Solution:
i) Rcos(¢9~a):R(cochosa+sin95ina}

\/§COS(9+Sin012{\/75-0056+%Si[’19), S R=2; €=%

S Reos(0-a) = 2005(0~%J

ii) 2cos g-2 |=1-scos| g% =
6 6) 2
q
guELT I g xlix
6 3 3 26




Question 7:

a) The maximum charge of a battery that requires recharging is 12 volts. After 1
minute on the recharger, the charge is measured as 6 volts and after a further
minute the charge has risen to 8 volts. Assuming the rate of increase of the charge

is given by dg% =k(12-0),

i) Show this equivalentto Q=12 Ae™

2]
ii) Find the value of the charge on the battery at the time it is placed on the
recharger.
(2]
iii) Find the exact value of the battery after it has been on the recharger
for 3 minutes.
3]
Solution: X
12— e
iy 0=12-Ae™ 12"/
ao —kt 6
—=k(Ae
and sinceAe”k’:lIZ—Q,G;—Q:k(12~Q) : 5 : p gl
(g
i) 0=12—Ae™
att=1,0=6 — ..6=12-Ae™* andde™ =6 or A=6e*

atr=2,0=8 — ..8=12-Ae™ andde™ =4 or A=4e*
Equating for 4, 6e* =4e™ — ¥%=3"

Since A= 6¢*, A=6(%)=9 and Q=12-9¢"
At1=0,0=12-9¢° =3

iii) Atr=3,0=12-9¢7*
=12-9(e*)’
Since e* =%,e* =%

and 0 =12-9(%) =94

b) The points P(2ap,ap®) and Q(2aq,aq’) lie on the parabola x? = 4ay . If PQ

passes through the point (4a,0)

i) Show that pg=2(p+q)

ii) Find the locus of M, the midpoint of PQ.

Solution:
) m,, = ap’ —aq’ _a(p-q)(p+q) _p+q
¢ 2ap-2aq 2a(p-q) 2
~.Eqn PQ isy-apz:p;q(x-—Zap)
+ +
y—apz:(pijx—apz~apq—>y=(p2q)x—apq

at (4a,0), 0= ("T”}ia —apq — pg=2(p+q)
i) Midpoint PQ is a(p +q), %(p2 +q*)

Letx=a(p+q), =2(p* +4
p+a), y=2(p'+q)

Write y asy =

el )

s2ay =x* —4dax

or 2ay +4a’ = x* —4ax +4a* —9(Jc—2a)2 =2a(y+2a)

Q(2ag aq’)

2]

3]

P(2ap ap”)

(42 0)




